In this paper, we apply a new method, a delayed matrix exponential, to study P-type and D-type learning laws for time-delay controlled systems to track the varying reference accurately by using a few iterations in a finite time interval. We present open-loop P-and D-type asymptotic convergence results in the sense of λ-norm by virtue of spectral radius of matrix. Finally, four examples are given to illustrate our theoretical results.
Introduction
In the past decades, delay differential equations have been widely used in the fields of economics, physics, and engineering control. Existence, stability, and periodic solutions are studied extensively and there are many interesting and important results; see, for example, It is a common phenomenon that time delays exist in many practical engineering issues. However, the prevalence of the phenomenon to the delay caused a lot of practical engineering problems. So the study of the control problem of time-delay system is paid more attention. Some effective methods for studying the iterative learning control for time-delay systems are provided by Sun [-] .
After reviewing the previous works dealing with ILC problems for delay systems, we observe the following facts:
(i) A delay systemẋ(t) = Ax(t) + Bx(t -τ ), t >  is considered mostly as an integral system, where A, B are suitable matrices. (ii) A uniform transition matrix associated with A, B is not derived directly and the structure of solution x(t) is not well characterized on every subintervals [, τ ], . . . , [nτ , (n + )τ ], n ∈ N .
(iii) An extended Gronwall inequality is used to derive convergence results instead of applying direct methods. It is remarkable that Khusainov and Shuklin in [] initially introduced a delayed exponential matrix method to study the following linear differential equation with one delay term:
where A and B are matrices and ϕ is an arbitrary continuously differentiable vector functions. A representation of a solution of system () with AB = BA is given by using a socalled delay exponential matrix, which is defined as follows:
for τ > , where and E are the n-dimensional zero and identity matrices, respectively. For more recent contributions on oscillating systems with pure delay, relative controllability of system with pure delay, asymptotic stability of nonlinear multidelay differential equations, one can refer to [-] and the references therein.
Inspired by the references mentioned above, in this work, we discuss ILC for time-delay systems. More precisely, we study the following linear controlled systems with pure delay:
where T denotes pre-fixed iteration domain length with T = Nτ and N ∈ N. Let ϕ ∈ C
, A and B be two n × n matrices such that AB = BA and C, D be two m × n matrices, k denotes the kth learning iteration, the variables x k , u k ∈ R n and y k ∈ R m denote state, input, and output, respectively. By [], Corollary ., we derive that the state x k (·) has the form
where e Bt τ is defined in () and B  = e -Aτ B.
By introducing e Bt τ for (), we state some possible advantages of our approach as follows. (i) The structure of solution x(t) is characterized on every subintervals.
(ii) A direct method is explored to deal with ILC problems by using mathematical analysis tools.
Let y d be a desired trajectory and set e k = y d -y k , which denotes output error and δu k = u k+ -u k .
For the system (), we consider the open-loop P-type ILC updating law
For the system () with D = , we consider the open-loop D-type ILC updating law
where P o and D o ∈ R n×m are learning gain matrices.
The main objective of this paper is to use delayed exponential matrix to generate the control input u k such that the time-delay system output y k is tracking the iteratively varying reference trajectories y d as accurately as possible when k → ∞ uniformly on [, T] in the sense of the λ-norm by adopting P-type ILC and D-type ILC.
Here we point out that our method is different from the method given in the previous reference, however, we obtain the same convergence results. Our method relies on a direct formula solution, so it is constructive.
The rest of this paper is organized as follows. In Section , we give some notations, concepts, and lemmas. In Sections  and , we give convergence results of P-type ILC and D-type for system (). Examples are given in Section  to demonstrate the applicability of our main results.
Preliminaries
Let J ⊂ R be a finite interval and L(R n ) be the space of bounded linear operators in R n .
Denote by C(J, R n ) the Banach space of vector-value continuous functions from J → R n endowed with the ∞-norm x = max t∈J |x(t)| for a norm | · | on R n . We also consider
we consider its matrix norm
where ρ(A) denotes the spectral radius of the matrix A.
Next, we give an alternative formula to compute the solution of linear system with pure delay, which is a direct corollary of [], Corollary ..
has the form
where A and B are commutative, B  = e -Aτ B and
Proof According to the formula () in [], we know the solution of system () has the form
Without loss of generality, we consider (j -)τ ≤ t < jτ , j = , , . . . , N . Next, we submit the formula of delayed matrix exponential () to () to prove the result. We divide our proof into two steps.
Step . We prove that
Due to the fact that -τ < s < , we obtain t -
Step . We check that
Due to the fact that  < s < t, we obtain -
Linking (), (), and (), one can get the result (). The proof is finished.
Convergence analysis of P-type
In this section, we give the first convergence result of P-type.
Theorem . Let y d (t), t ∈ [, T] be a desired trajectory for system (). If ρ(E
Proof Without loss of generality, we consider (j -)τ ≤ t < jτ , j = , , . . . , N . Linking () and (), we have
According to () and Lemma ., we have
Further, by Lemma . we know that, for a given > , there is a norm | · | on R n such that
So by (), we have
Hence, we obtain
For fixed i, i = , , . . . , j -, we have
For any λ > A , we apply integration by parts via mathematical induction to derive
Linking (), (), and (), it is not difficult to get
By () via (), we have
and, taking the λ-norm, we arrive at
Since ρ(E -DP o ) < , for any ∈ (, -ρ(E-DP o )  ) and λ > A sufficiently large, we have
which implies lim k→∞ e k λ = , since ρ(E -DP o ) +  < . In addition, e k ≤ e λT e k λ .
Hence lim k→∞ e k = . The proof is completed.
Remark . We use a delayed matrix exponential method to obtain convergence of the P-type ILC algorithm. Next, we applied the norm · λ just for a technical reason to get uniform convergence only under condition ρ(E -DP o ) <  in the end of the above proof. Moreover, fixing ∈ (,
), the smallest suitable λ > A is given by the equation
which is rather awkward to solve. On the other hand, () has a unique solution for any > . Moreover, it may have any λ > A as a solution by varying C P o .
Convergence analysis of D-type
In this section, we discuss the ILC convergence of D-type.
Theorem . Let y d (t), t ∈ [, T], be a desired trajectory for system () with D
Proof First, we consider (j -)τ ≤ t < jτ , j = , , . . . , N . By () and (), we havė
So we havė
Similar to the proof of Theorem ., one can apply Lemma . to derive thaṫ
Obviously, we have
In analogy to the computation in ()-(), inequality () becomes
where
If j = , which means  ≤ t < τ , then by () and (), we havė
We can repeat the above arguments to arrive at () with W  =  and
. Hence () holds on the whole [, T], which implies
Due to the fact that e k () = , we get e k ≤ T ė k , consequently we find that e k →  as k → ∞. The proof is completed.
Remark . Since
we need y d () = Cϕ(). This gives a compatibility condition for ϕ. Since y d () is arbitrary, we need C to be surjective.
Simulation examples
In this section, four numerical examples are presented to demonstrate the validity of the designed method. In order to simulate the tracking errors of trajectories, we adopt for simplicity L  -norm in our simulations. This L  -norm can be used, since by the fact that e k ≤ 
and P-type ILC u k+ (t) = u k (t) + e k (t).
The original reference trajectory is 
and P-type ILC The original reference trajectory is 
